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PAPER NO. 13

ON SOME GEOMETRIC PROPERTIES OF HUMAN RIBS-I

Sanford B. Roberts and Ping Heng Chen

School of Engineering and Applied Science
University of California, Los Angeles

ABSTRACT

The cross-sectional geometric properties of ribs 1 through 8 of
a medium-framed female cadaver specimen were studied. Specifically,
each rib was cut into 10 sections, the exposed cross-sections photo-
graphed, a finite element grid superimposed, and with the aid of a
digital computer, the geometric properties (total area, compact bone
area, centroid, principal axes, principal moments of inertia and
torsional constant) of the compact bone region were determined.
Although most of these quantities exhibit wide variations some trends
do emerge. Of particular significance is a simple ge,-etric construc-
tion for the location of the centroid and principal axes and the
general result that a thin-walled ellipse is a reasonably accurate model
from which the approximate cross-sectional properties may be calculated.

INTRODUCTION
*

Hunan ribs ca.n be categorized as "long bones," (Frost 1967) in
that they possess the characteristic structure of a thin cortex of
compact bone surrounding a medullary canal of marrow and trabecula.
The architecture of long bones (especiaily the femur) and its relation-
ship to the load carrying function has been studied since the later
part of the 19th century (Evans 1957). There have also been attempts
at detailed stress anralysis with the usual objective of relating the
shape of the compacta and trabecula to a simplified nction of the stress
and/or strain state under load (D'vuns 1957). In spite of an extensive
history (Evans 1967) of investigations, there do not appear in the
literatu'e any significant studies which provide detailed quantitative
data on the geometry, especially cross-sectional geometry, of any human
bones. It goes without saying that a meaningful stress analysis (e.g.
Roberts 1970) of the components of the skeletal system under normal or
traumatic conditions is impossible without knowledge of (arong other
things) the geometry. As part of a study of the response of the

B
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throacic skeleton to dynamic forces, a program aimed at defining the
cross-sectional and global properties of hu:nan ribs was undertaken.
This is a first report, focusing upon our findings within the cross-
sections of hwnan ribs.

The judgment was made at the outset that the trabecula would be
neglected and only the compact bone geometry would be considered.
Since the geometric quantities determined are those necessary for
stress analysis, this decision implies that the compact bone is the
primary load carrying component whereas the contribution of the
cancellous bone is insignificant. Although it appears intuitively
correct, this hypothesis requires further experimental evidence for
its full justification.

The information presented herein was obtained by direct observa-
tion and measurements on the rib ca&e of an embalmed female cadaver
specimen with an apparent small frame. The cause of death was
coronary vascular arteriosclerosis in June 1968 at age 77.

Observations made on one cadaver specimen are hardly sufficient
to permit drawing general conclusions. We are however, strongly
activated to find conceptually simple uniflying principles from which
approximate geometric properties of typical ribs can be constructed.
For example, it would be advantageous to be able to rake two measure-
ments (say "width" and "depth") at a particular station along the
longitudinal axis of a rib and calculate the cross-sectional properties,
such as location of centroid and principal moments of inertia, without
actutally exposing the internal cross-secticn and making direct
measurements. Motivated by this objective we have inteitionally
flavored this report with what appear to be generalizations applicable
to most human ribs. We trust that a desire on the part of other
researchers to further substantiate or contradict our hypotheses will
help stimulate the production of a statistically valid collection of
data.

EXPERI.NILTAL AND ANiALYTIC PROCr-mURES

The rib cage from the specimen 6901 was excised, the individual
ribs (designated 6901-Rib Number) separated and the superficial soft
tissue was removed. Each rib (except No. 1) was cut into 10 sections
(see Fi,-. 1), the cuts being made in a plane atzroxi-mately normal to
the !c:igiudinal axis of the rib. The longitudinal axis being approxi-
mated by the imaginary line parallel to the- superior and inferior
borders and halfway between them. The interior surface thus exposed is
designated herein as the rib cross-section. T.he cross-section contains
two regions, namely a thin border of comnact bone and an interior
region of cancellous bone and marrow. From the perspective that the
bony thorax is a force transmitting structure, only the compact bone is
ccnsidered effective. Conse:quently, it is to it which our attention is
directed. The compact bone region is not easily distinguishable from
th• cancellcous bone irterior. Thu 4ntcrior "border" requires careful
scrutiny and judgement for its definition. We found that close
exanination under magnification, and the reroval of all soft tissue and
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as much cancellous bone as possible is necessary since it would other-
wise render the border definition extremely difficult.

The exposed cross-sections of each rib were photographed under 10
power magnification with a scale having 0.01 in. divisions placcd
in the field of view and in the plane of the cross-section (Lig:. 2-6)
Tracings of the outline of the compact bone regions were made from the
developed photographs. A network of 36 quadrilateral elements (72
nodal points) and a cartesian coordinate system describing the geom-
etry of the cross-section* was then superimposed. The coordinates of
each nodal point were scaled and entered as input data into an aug-
mented finite element computer program (Mason 1967) which calculated

a) The cross-sectional area of compact bone (A c) and total
cross-sectional area (At )

b) The orientation of the principal axe., (yz) of inertia

c) The location of the centroid

N d) The principal. moments of inertia

I- f y 2 dA, I =] z 2 idA R Compact bone
y fý region

e) The torsional constan. (J), where

R = ÷ z2+YL~ _- %af (1)
2 r 2  _

2a + = 0 (2)
ay 2 az 2

where 0 = O(y,z) = St. Venant warping function

The calculation of the torsional constant (J) based upon Equations
(1) and (2) and appropriate boundary conditions assumes, among other

thirgs, that the material is isotropic in that Gxz= GYX (G = elastic
shear modulus). Although there is strong evidence (Dempster 1952)
indicatinr that bone is not isotropic, there is presently insufficient
information on the dependence of the shear modulus upon orientation

normal to the long axis of the bone. This is, at this time it is
reasonable to assume that Cxz = Gyx'

In addition to the "exact" analysis described above, an approxi-
mate analysis based upon

a) The assumption that the cross-section is a thin-walled
ellipse with constant effective thickness (te)

0
Hereinafter the term cross-section will refer to the compact bone
portion thurcof unless otherwise defined.
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b) The use of the actual "major" and "minor" axes (AB) measured
along actual principal axes, and the ratio of compact bone

to total cross-sectional area Ac/At

was carried out.

In a thin-walled elliptic cross-section, using a) above it can

be readily shown that (see Hudson 1917 and Shanley 1957)

A

4 te (A+B) - (A+B) 2 - 8eAB i (3)

e~A t

641 Y - [BA3 - (B-2te) (A-2t )3]

(4)

64l = r [B 3A - (B-2t ) 3 (A-2t_)]

ee
4 a2 t

J= e

r(A-t 41)(B-t)

a := -------- 3- ÷)

. r (A-B] 2

GENEFAL RESULTS

The shape of the thin wall of compact bone in the typica) rib
cross-section is m~ore or lcss "elliptic." it can be qualitatively
characterized by the ratio of the lengths along the "minor" and "major"
princi*al axes (B/A). Fi4-;re 7 sho'ws a plot of D/A as a function the
nondi•rensional position pa.rx-eter (S/L) for ribs 6W01-3 thru 6901-8.
Obherve that at .the costochondral junction (S/L=O) the ccraract bone
shape is sor-evhat cylindrical (0.5 < B/A < 0.8). Prnceediný posteriorly
into the shaft reion it innediately begins to flatten (0.2:5B/A<0.4)
and then gradunqly expands becoming rore "cylincdrical" again approach-
ing the awgle vith miaximum values of B/A ii the neiihborhood of the
tubercle.
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THICKNESS OF COMPACT BONE

The thickness (t) of the compact bone cortex varies both as a
function of S/L and within each cross-section without any apparent
pattern in either resp.ýt. The maximum and minimum values of t where
measured in each cross-section and plotted as a function of S/L. These
curve- for ribs 3, 5 and 7 are shown in Figs. 8 to 10. The value of
tmin is reasonabl.y constant over the rib length, being on the o~.der of
0.01 in. for the three ribs. However, tmax exhibits extensive excur-
sions along the length of anv one particular rib. The peak values are
usually associated with a highly localized thickened region in a cross-
section.

The equivalent thickness ite) given by Equation (3) was also plot-
ted in Figs. 8 to 10. It is interesting to note that te is reasonably
close to the median wall thickness.

PRINCIPAL AXES OF IlERTIA AND CE4TROID

The calculated location of the centroid (e.g. ) and the orienta-
tion of the principal axes of inertia for spe:imen 6901-3 Sections 1,
3, 5, 7 and 9 are shown in Figs. 2 to 6. Note that the compact bone
boundary has been exagerated and the principal axes superimposed upon

the actual photographs of the cross-sections. One observes that the
centroid is approximately at the center of the overall cross-section
and that the minor principsl axis is nearly parallel to a line connec-
ting the extremum points. The observation suggests the following con-
struction procedure for the approximate centroid location and the local
orientation of the principal axes (refer to Fig. 11).

a) Connect the two points (aI and a2) on the extreme superior
and inferior edges by a straight line.

b) Enscribe the outer boundary with a rectangle having sides
parallel and perpendicular to a, - a2.

c) The intersection (f the diagonals of this rectangle locates
the e.g. and lines through the e.g. parallel and perper.dicu-
lat to a, - a 2 , are the minor and major principal axes
respectively.

The accuracy of this procedure was tested using ribs, 6901-3, 5
and 7. The actual e.g. was located and its position compared with that
of the approximate e.g. (designated c.g'.) by the dimensions 6 A aad 6 B
(Fi1. 11). Also, the angular orientation, a of the approxinate trin-
cipal axes (y' and z'), with respect to the actual principal axes
(yz) vas determined. The relative magnitudes of these qutntitiv.; are
given in Table 1. We observe that

Under the assumption that rib compact bone is homogeneous we will use
the designations centroid and center of graoity (c.g.) interchar..;eably.
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TABLE 1

SEC. S/L (in) ( (in (in) Deg.

3-1 0.0 0.010 0.485 ? 06 0.005 0.305 1.64 7.0
3-2 O.lO4 0.005 0.550 0.90 0.002 0.135 1.48 0.5
3-3 0.200 0.002 0.550 0 36 0.002 0.130 1.54 2.0
3- 0.306 0.011 0.510 2.16 0.001 0.125 0.80 2.0
3-5 0.392 0.010 0.465 2.06 0.010 u.175 5.70 1.0
3-6 0.485 0,010 0.440 2.27 0.023 0.210 10.90 2.0
3-7 0.598 0.020 0.360 5.55 0.004 0.210 1.90 7.2
3-8 0.695 0.012 0.375 3.20 0.030 0.200 15.00 5.5

5-1 0.0 0.030 0.545 5.50 0.038 0.342 11.10 10.0
5-2 0.125 0.010 0.580 1.73 0.00 0.165 0.00 0.0
5-3 0.241 0.010 0.498 2.01 0.00 0.175 0.00 1.2
5-4 0.345 0.035 o.41o 8.54 0.005 0.192 2.60 1.75
5-5 o.427 0.030 0.378 7.94 0.00 0.240 0.00 1.0
5-6 o.618 0.012 0.430 2.79 0.012 0.235 5.10 3.3
5-7 0.74o 0.032 0.370 8.65 0.026 0.280 9.30 3.3

7-1 0.0 o.o46 0.570 8.10 0.020 0.280 7.14 2.5
7-2 0.107 0.008 0.6i0 1.30 0.010 0.210 4.76 5.5
7-3 0.238 0.028 0.530 5.30 0.020 0.200 10.00 4.0
7-4 0.352 0.001 0.527 1.90 0.017 0.200 8.50 2.0
7-5 0.527 0.030 0.5u5 5.95 0.007 0.240 2.92 4.5
7-6 0.665 0.060 0.520 11.50 0.025 0.264 9.47 1.5
7-7 0.775 0.005 0.475 1.05 0.028 0.300 9.35 6.o
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:6A 6B

A B

with the average values for the three ribs being

A -~~~ 5%9 aag=--

"avg. av-. avg

Considering the inherent inaccuracies in defininig the compnct bone
boundaries, these errors are within acceptable limits.

CROSS-SECTIONAL AREA

The cross-sectional area of compact bone Ac (see Figs. 12 to 15)
is reasonably constant over the entire length of each rib (especially
in the shaft) showing significant perturbations only in the tubercle-
neck region and in some :ases at the costochond-al junction. The
value of Ac at the costochondral junction (CC.J.) is particularly
difficult to determine due to the indistinct transitioning of cartilage
to bone. In particular, ribs 5 and 6 showed extensive ossification at
this location, thereby giving rise to relatively large values of Ac.
In the shaft region of a typical rib Ac is of the order 0.035 in.2

The calculated values of Ac, based upon an elliptic cross-
section shape prcduces an excellent approximation. ýThis appears to be
uniformly true except at a few isolated sections wherein there is a
sharply indented Lnstal groove.

The ratio of Ac to the area of the entire cross-section (At) for
ribs 1-8 is shown in Fir. 16. The average values of Ac/At are
greatest for ribs 1 and 2, (approxinately 60' and 505 respectively)
decreasing with increasing rib number to essentially a constant 40% in
the shaft region of ribs 5-8. The values at the costochondral junction
of ribs 5-5 are quite erratic primarily due to the poor definition of
this Junction as an apparent consequence of cartilage ossification.

MOI.ENTS OF 1NERTIA AND TORSIONAL CONSTMTT

The calculated principal noments of inertia (Iv, I,) and the
torsional constant J are given in Figs. 12 to 15. These quantities
are "second moments" of area and are therefore more sensitive to shape
and thickness variations than is A,. This is exemplified by the lack
of uniformity over the length and the more violent changes. For ribs

3-6 the largest values occur at the costochondral junction where the
cross section is "flared-out" (B/A > 0.5), whereas for ribs 7 and 8,
maxi=un values occur in the tubercle region. Typical values in the
shaft region (e.g. for rib 7) are

I y 0.0007 in. , I = 0.0002 in. , J u O.C0Oq in.
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Surprisingly, the results from the elliptic approximation compare
favorably with the actual values. There are, of course, isolated
regions wherein marked irregularities such as deep costal groot-q
(e.g. rib 7 Section 6) produce poor agreement.

CONCLUSIONS

An analysis of the cross-sectional properties of the first 8 ribs

from a female cadaver has been conducted. We have found that the
quantities studied (t, AC, Ac/At, Ix, Iy, J) show considerable varri-
ation as a function of position along each rib as well as variation
between ribs. However, it is also clear that at least for this speci-
men, certain definite patterns do emerge.

a) The median wall thickness in greatest in the vicinity

of the tubercle.

b) The compact bone region, c.g. and principal axes of
inertia can be approximately located by a simple
geometric construction.

c) The compact bone ratio (Ac/At) is greatest in rib 1
decreasing to a relatively co~nstant value of about 40%
in the shaft regions of ribs 5-8.

d) All of the geometric quantities studied possess a
characteristic variation with rib number. That is, a

decrease from rib 1 to a local minimum at rib 3 followed
by an increase to a local maximim at ribs 6 or 7 and
decreasing thereafter.

e) The geometric properties can be calculated with reasonably

good accuracy by assuming the rib cross-section to be a

thin-walled ellipse, provided the major and minor axes

and the compact bone ratios are known.

In order to obtain uppei-bound estimates of the cross-sectional
properties of human ribs, an analysis similar to that described herein

has been initiated on a large-framed male specimen. Preliminary

results indicate that values of the various geometric quantities in

the shaft regions are approximately 20% higher thran those of specimen
6901.
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HEAD FINITE

NECK EL EMJ-I`1
(TYPICAL) -

TUBERCLE- ANGLE NODAL
TE EPOINT

SHAFT (TYPICAL)

LONGITUDINAL\AXIS --'

- COSTOCHONDRAL

SECTION JUNCTION COMPACT

0 COSTAL GROOVE BONE

CROSS-SECTION

APPROXIMATE LOCATION OF SECTIONS

HEAD TUBERCLE ANGLE COSTOCHONDRAL
RIB NO.. NECK - I SHAFT JUNCTION6901-1 -06 6 )

Figure 1. Rib nomenclature and approximate location ot cross-sectioins
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POfIfTMO SPECIMEN 9ýOI
Ole Rs

HEAD-TUDRCLELENGTM(I 10) 765 IN

Section 1 NERO

S/I =0.0
C0STOCH0NDRAL

Figure 2. Rib 6901-3 Secetion 1
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POSTERIOR 
SPECIME• 4Rio R

MEA TLE~• NGTH (1- 10) 7 85IN

&Nn _IO S/ S e c t io n 3
, . --- -," --- S-/L-0.200

Figure 3. Rilb 6901-3 Section 3
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POeThMIOft SPECIMEN $901

HEAD LENOTH(l* tO) 7.85 IN

TUOFRCLE

I [ANGLE

Section 5 A1 -RO S/L -

S/I: 0.392
COSTOCHCOMAAL.

IJUNCTION

Figure 14. Rib 6901-3 Section 5
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Figure 5. Rib 6901-3 Section 7
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-TOA~ LIA L dTH (I-I10) 7-65 INd
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Section 9 ANntEICjR S/L 7
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Figure 6. Rib 6901-3 Section 9
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Cc. i. H A1 2 3 4 5 6 7 8 9 0 HEAD
0.10-

RIB 6901-3
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S0.08

w -- MAXIMUM .,-

0.04

-- EQU I VALE N T00.02
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0 0.5 1.0
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Figure 8. Rb 6901-3 Com-pact bone thickness vs. S/L
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CC.J. HEAD
1 2 3 4 5 6 7 8 910

.12 1_

RIB 6901- 5 I
**TUBERCLE REGION
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.10 LOCALIZED D
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z

C-|,
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- m\/ 'a.
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Figure 9. Rib 6901-5 Compact bone thickness vs. S/L
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Figure 10. Rib 6901-7 Compact bone thickness vs. S/L
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Figure 12. Cross-.•ectional properties of ribs 6901-1, 6901-2 vs. S/L
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FiCure 13. Cross-sectional properties of ribs 6901-3, 6901-4 vs. SIL
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Figure 14. Cross-sectionaa properties cf ribs 690L-5, 6901-6 VS. 5iL
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Figure 15. Cross-sectional properties of ribs 6901-7. 6901-8 vs. S/L
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